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Iterative Methods for Design
Sensitivity Analysis

B. G. Yoon* and A. D. Belegundut
Pennsylvania State University,
University Park, Pennsylvania

Introduction

TERATIVE methods are presented for obtaining design

sensitivity coefficients (or derivatives) of implicit functions.
Design derivatives are important not only in gradient-based
optimization codes, but also for examining tradeoffs, system
identification, and probabilistic design, to name a few. Itera-
tive methods are presented for both the algebraic and eigen-
value problems; stress, eigenvalue, and eigenvector derivatives
are considered. The iterative approaches provide approximate
derivatives. They are very simple to implement in a program,
even for complex structural response. Iterative methods for
sensitivity, for a class of structural problems, were suggested
in Ref. 1. General papers on reanalysis schemes may be found
in Refs. 2 and 3.

In the next section, iterative methods for sensitivity of
displacement and stress are developed. Following this, eigen-
value and eigenvector sensitivity is considered.

Displacement and Stress Sensitivity

The problem of obtaining design derivatives of displace-
ments and stresses, for a finite-element model of the structure,
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is considered. Consider a function g = g(b, z). This represents
a stress constraint, with b = (k X 1) design vector and z =
(n x 1) displacement vector, which is obtained from the finite-
element equations K(b) z = F(b), where K is an (n x nr)
structural stiffness matrix, and F is an (n X'1) nodal load
vector. Let b0 be the current design. At this stage, the analysis
has been completed. Thus, the decomposed K(b° and z° are
known. The derivative of the function g with respect to the ith
design variable is given by

dg dz

dg dg d9g dz
az db,

ab, ~ b, 6]

The partial derivatives dg/db and dg/dz are readily available
using the finite-element relations. The problem, therefore, is
to compute the displacement sensitivity dz/db. An iterative
approach for computing this is now given.

Corresponding to the /th design variable, let the perturbed
design vector b¢ be defined as

be=(b0,bY,....0° +€,...,.bY) )

The perturbation e is relatively small, and a value of 1% of b;
is suggested. The problem is to find z¢, the solution of

Kb z-=F(b9) 3

using the decomposed K(b° and z°. A modified version of the
residual-correction scheme given in Ref. 3 is given below.

Algerithm 1 (Displacement and Stress Sensitivity)
Step 0: Set j = 0. Choose the perturbation e and the error

tolerance A. Define b as in Eq. (2).
Step 1: Calculate the residual »/ from
r/ = K(b°) 7/ — F(b°) C))
Step 2: Solve for the correction ¢/ from

K®% e = —1 %)

Step 3: Update z/*1 =z/ + ¢/
Step 4: Check the convergence criterion

He/*1 -2/l =A 6)

If satisfied, then set z¢ = z/+!, and compute the displacement
sensitivity as
d_z-gt
db,‘ €

M

The stress sensitivity can be recovered from Eq. (1). Other-
wise, set j =j + l.and re-execute steps 1-4.

Numerical results and comparison with the exact and semi-
analytical methods discussed in the literature are presented
subsequently. Theoretically, it can be shown that the above
scheme will converge provided®

rf — K~'% K(»91<1 8)

where r(4) = spectral radius of the matrix 4, which is the
maximum size of the ecigenvalues of 4. In the problem
considered here, K(b° and K (b°) are roughly equal because e
is small, and Eq. (8) can generally be expected to hold.

Eigenvalue and Eigenvector Sensitivity

Eigenvalue sensitivity is useful when resonant frequencies or
critical buckling loads need to be restricted. Exact analytical
expressions for eigenvalue sensitivity can be readily derived
for the case of nonrepeated roots.* The problem of obtaining
eigenvector sensitivity, on the other hand, is more complicated
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and is an area of current interest {e.g., Ref. 5). Eigenvector
sensitivity is useful in obtaining the design derivatives of
forced dynamic response. Here, an iterative approach is pre-
sented for approximate derivatives of eigenvalues and eigen-
vectors. The approach is particularly easy to implement in a
program and provides both eigenvalue and eigenvector deriva-
tives simultaneously. Furthermore, the derivative of a particu-
lar eigenvector does not réguire knowledge of all eigenvectors
of the problem, as with certain analytical methods.
Consider the generalized eigenvalue problem

Kb}y =AMy ®

where X is a particular nonrepeated eigenvalue, and y is the
associated eigenvector. For the frequency problem, K and M
represent the structural stiffness and mass matrices, respec-
tively. It is desired to find the sensitivities d\/db and dy/db.
Let B° be the current design vector and (N, ¥%) be a given

eigenvalue-eigenvector pair at the current design. Let 8¢ be a
perturbed design vector. The residual is given by

R = K(b9)y* — \M(b)y* (10

The object is to solve the nonlinear equations R = @ for the
unknowns A, and y¢. The Newton-Raphson technique is used
for this purpose. The Jacobian J of the system in Eq. (10) is
[dR/3y¢, 3R /3N]. This, together with the normalization con-
dition — 3T M-8y =0, and . preserving constant coefficient
matrices, leads to solving the system

()= ("F) an

¥ VARRN)
where
¢ - (E®) = 2M(BO) ~ M@ O)y") 12)
TNy MY 0

The coefficient matrix is symmetric and nonsingular for the
case of nonrepeated roots.® The algorithm for eigenvalue-ei-
genvector sensitivity is now given.

Algorithm 2 (Eigenvalue-Eigenvecior Sensitiviiy)

Step 0: Set j = 0. Choose the perturbation e and the error
tolerances A, and A,. Define b¢, Decompose the matrix C
given in Eq. {(12). '

: Define the residual R/ = K(b9)y/ — N, M(b9)y.

/.
&
D
]

Step 1

Step Z: Solve Eq. (11).

Step 3: Update 3/ " 1=p/ + dyand N;, 1 =N + 6\
Step 4: Check the convergence criterion

Hay il =4y oA = Ay (13}
If satisfied, then set y¢=yp/*1 A =XN;,, and compute the
sensitivity as

dy Nyf_y()‘ dX )"t_)\ﬁ

e B T (4

Otherwise, set j =7 + | and re-execute steps 1-4 above.

Numerical Resuits
Two examples are presented below. The first deals with
stress sensitivity in a thin plate with inverse thicknesses as de-
sign variables. The relative merits of the iterative approach
with the semianalytical method are discussed. The second
example deals with the eigenvalue-eigenvector sensitivity of a
planar frame.

Thin-Plate Program
Consider the plane stress problem in Fig. I, where inverse
thicknesses are the design variables. That is, the reciprocal of
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the plate thickness is chosen as a design variable. Inverse
design variables are used in optimal design because they tend
to linearize the stress function and lead to improved conver-
gence. The stress constraint function is the von Mises failure
criterion in the element. Constant strain triangular elements
are used. For brevity, only the design sensitivity coefficients,
dgio/dbg and dg.s/dbyy, are presented in Table 1. The sensi-
tivity vectors have been obtained using Algorithm 1 discussed
earlier. In Table 1, the results obtained by the iterative method
are compared with the semianalytical method used widely in
the literature, based on the formula

dz <K b9 — K(b“))zo | [Fe9 - FoY)
€

K
db,‘ €

1s)

It is interesting to note that the semianalytical -method yields
the same result as the first iteration of the iterative method.
However, the iterative method further improves upon this and
approaches the exact sensitivity {Table 1). Since all methods
yield values of acceptable accuracy, use of the iterative meth-
od for this type of problem is not any more advantageous. The
comparison, however, serves to illustrate the nature of the
iterative process, It is noted that, when using direct variables
(as opposed to reciprocal variables), the semianalytical meth-
od yields essentially exact sensitivity because stiffness is a
linear function of design variables. In this case, only one
iteration of the iterative method needs to be performed.

Plane-Frame Problem

Consider the frame structure in Fig. 2. The design variables
associated with the I-section are b = {&, w, #,, f/), as shown.
The problem has a total of 24 design variables and 12 degrees
of freedom. The sensitivity of the lowest eigenvalue and
corresponding eigenvector obtained using Algorithm 2 is
evaluated. The iterative method takes 0.99 s of CPU time,
compared to 1.72 s taken by Newton’s forward-difference
formula. Thus, for larger problems, the iterative method will
provide a more efficient alternative to analytical sensitivities

b
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Fig. I Thin-plate problem.

Table 1 Stress sensitivity coefficients for thin-plate problem

Method ey deu

db19 db24
i 8.7098 5.6437
Iterative 2 8.7949 5.6980
3 8.7957 5.6986
Semianalytical 8.7098 5.6437
Exact 8.7969 5.7002
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Fig.2 Plane-frame problem.

as compared with pure divided-difference schemes. The maxi-
mum number of iterations required for an error tolerance of
10-7 is five, which indicates rapid convergence. Also, the algo-
rithm does not require computation of all eigenvectors to find
the sensitivity of a few specific eigenvectors.

Summary and Conclusions

A numerical method has been presented for design sensitiv-
ity analysis. The idea is based on using iterative methods for
reanalysis of the structure due to a small perturbation in the
design variable. A forward-difference scheme then yields the
approximate sensitivity. Algorithms for displacement and
stress -sensitivity as well as for eigenvalues and eigenvector
sensitivity are developed. The iterative schemes have been
modified so that the coefficient matrices are constant and
hence decomposed only once. The convergence is found to be
very rapid. Implementation of the algorithms is found to be
simple. The method can extend to eigenvalue sensitivity of
problems with repeated roots. This extension is also important
to avoid ill conditioning of the coefficient matrix in the vicin-
ity of bifurcation points, which occurs when nonlinear struc-
tural response is considered.
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Higher-Order Finite Element
for Short Beams

Fuh-Gwo Yuan* and Robert E. Millert
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Introduction

ROBLEMS involving relatively short beams are common

in some aerospace structures. In such beams, the trans-
verse shear has an important effect on the deformations
and stresses. The elementary Bernoulli-Euler beam theory,
which does not include shear deformation, is inadequate. An
carly theory that includes transverse shear was presented by
Timoshenko! in 1921, This theory assumed that plane sections
remain plane during the deformation but not necessarily nor-
mal to the middle surface. Since then investigators have at-
tempted improvement by modifying the shear constant in
Timoshenko’s theory.? More recently, a number of papers
have appeared which offer alternate approaches. In 1981,
Levinson?® introduced a new beam theory that included warp-
ing of the cross section and imposed a shear-free condition on
the top and bottom surfaces. Rehfield and Murthy,* in 1982,
solved a simply supported beam problem using a modified
plane stress elasticity solution to include transverse shear and
normal strains. Their approach differs from Timoshenko’s be-
cause of assumptions regarding the stresses rather than the
strains. In 1984, Murty’ presented another higher-order beam
theory. In 1986, Suzuki® presented a theory for short beams
also, using assumptions about the stress distribution. Some ar-
ticles have appeared which utilize finite elements with the
shear effect included.”!2 Most of these removed the restric-
tion that cross sections normal to the undeformed middle sur-
face of the beam remain normal during the deformation
(similar to the Timoshenko theory). These normal cross sec-
tions, however, do remain plane. The finite element presented
here removes this restriction by allowing the cross sections to
deform into a shape that can be described by a function that
includes quadratic and cubic terms as well as the linear one.
Although these additional terms create a more complex ele-
ment (six more degrees of freedom), the resulting element is
shown to provide good results for both stresses and displace-
ments when compared with other theories for short beams.
Finite elements are, of course, easily extrapolated to practical
problems with more complex loading and boundary condi-
tions.

Formulation

The proposed beam finite element is shown in Fig. 1a. It has
length £ and a cross section symmetric about the y axis. The x
and y displacements of a typical point in the beam are u and v,
respectively. The x and y displacements of the corresponding
point on the middle surface of the beam are U and V. The ro-
tation of the cross section is characterized by the three terms,
%,, ®,, and ®,. The expressions for ¥ and v in terms of the
five functions U, V, &, ®,, and &, are

u=U—-®,y—0,0* - 8%, v=V 0

where U, V, &,, ®,, and &, are functions of x (the shape func-
tions) to be described below in Eqgs. (4). The axial strain ¢, and
the shear strain v,, are then
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